This paper reports the derivation of the explicit integral kernels for the elastic fields due to eigenstrains in two joined and perfectly bonded half-space solids or bimaterials. The domain integrations of these kernels result in the analytical solutions to displacements and stresses. When the eigenstrains are all in solid I, the kernel for the elastic fields has four groups in this solid and two groups in the other joined solid. Explicit closed-form solutions for a cuboidal inclusion with uniform eigenstrains are derived as the basic solutions, i.e., the influence coefficients. When the computational domain is meshed into cuboidal elements of the same sizes, the total elastic fields can be quickly obtained by implementing three-dimensional fast Fourier transform-based algorithms. The results for the fields due to a cuboidal, a spherical, and a cylindrical inclusion, as well as multiple cuboidal inclusions are presented and discussed. Residual stresses in an elastoplastic contact involved a coated substrate is further analyzed with the new solution approach.
Introduction
Eigenstrains (Mura, 1993) are referred to as the nonelastic strains, and the inclusions (Eshelby, 1957) are subdomains in a matrix material, where eigenstrains are prescribed. Plastic strain is particularly one of the major types of the eigenstrains, and moreover, inclusions plus specific eigenstrains lead to the solutions to the stress fields of inhomogeneous materials (Eshelby, 1957) . Elastic fields caused by ellipsoidal inclusions with eigenstrains in a full space were investigated by many researchers (Mura, 1993; Zhou et al., 2013; Juan et al., 2014) following the direction of Eshelby (1957 Eshelby ( , 1959 . Other shapes of inclusions were also studied, such as cuboid inclusions (Chiu, 1978) , polyhedral inclusions (Nozaki and Taya, 2001; Kuvshinov, 2008; Gao and Liu, 2012) . For the half-space problems, the analytical results were derived for the problems of spherical thermal inclusions (Mindlin and Cheng, 1950b) , ellipsoidal inclusions (Seo and Mura, 1979) , cylindrical inclusions (Wu and Du, 1996) , and cuboidal inclusions (Chiu, 1977) . Based on Chiu's cuboidal inclusion solution (Chiu, 1978) , residual stresses in contact caused by plastic strains were solved by using a twodimensional fast Fourier transform (2D FFT) algorithm (Jacq et al., 2002) or a three-dimensional fast Fourier transform (3D FFT) algorithm (Zhou et al., 2009) . Recently, numerical methods have also been used to study inclusion problems (Huang et al., 2000; Yang et al., 2013; Cui et al., 2015) . Review of earlier researches was reported by Mura (1993) and Mura et al. (1996) and recent works by Zhou et al. (2013) .
As for more general problems, i.e., for two joined half-spaces, or bimaterials, Dundurs and Guell (1967) first employed PapkovicheNeuber potentials to obtain the solutions for a spherical inclusion with dilatation eigenstrains. Yu et al. (1992) generalized the thermal elastic problem for two joined half-spaces either perfectly bonded together or in frictionless contact with each other. Avazmohammadi et al. (2010) studied an arbitrarily oriented ellipsoidal inclusions with a piecewise nonuniform dilatational eigenstrains by introducing a new Eshelby-like tensor. The point force solutions, i.e., the Green's functions, were derived in isotropic and anisotropic bimaterials (Guzina and Pakor, 1999; Pan and Yuan, 2000; Khojasteh et al., 2008) . The interface cracks of the two joined half-spaces were also investigated by using analytical methods (Hutchinson and Suo, 1991; Gladwell, 1999; Qu and Bassani, 2008) or numerical methods (Tan and Gao, 1990; Sukumar et al., 2004) . However, majority of analytical solutions for the joined half-spaces are only suitable for the problems of simple inclusions with pure dilatational eigenstrains.
Since the elastic field caused by the nuclei of strain is the fundamental solution to a class of problems, the total elastic fields of a strained inclusion can be achieved by integrating the fundamental solution over the volume of the actual inclusion. Therefore, Galerkin vectors can be employed to construct the formulas for the stresses and displacements caused by arbitrary inclusions. Mindlin and Cheng (1950a) derived the Galerkin vectors for the nuclei of strain in a half-space. The Glerkin vectors in two joined half-spaces, either perfectly bonded or in frictionless contact with each other, were further presented by Yu and Sanday (1991a) . Based on the Galerkin vectors, Liu and Wang (2005) described a general and direct method to express the stress field in a half-space due to an arbitrary inclusion. They demonstrated the convolution and correlation properties of the elastic field in the depth direction with respect to the inclusion or its image part. The full set of the analytical solutions for the displacements and stresses was obtained by Liu et al. (2012) , where, the explicit closed-form solutions for a cuboidal inclusion with uniform eigenstrains were given. Since any arbitrarily shaped inclusion may be divided into a number of elementary cuboids with uniform eigenstrains, the total elastic field caused by the inclusion is the sum of the contributions of all cuboidal inclusions. When the computational domain is meshed into cuboidal elements of the same sizes, the total elastic fields can be fast obtained by implementing FFT-based algorithms, i.e., the convolution terms are calculated by using discrete convolution and FFT (DC-FFT) (Liu et al., 2000) and the convolutionecorrelation combination terms are calculated by combining discrete convolution with discrete correlation and FFT (DC-DCR-FFT) (Liu and Wang 2005; Liu et al., 2012) . Further, an efficient method with parallel computing for solving arbitrarily shaped inclusions was proposed by Wang et al. (2013) , pointing out that the internal stresses in the cuboidal inclusions and external stresses outside inclusions can be expressed by the same equations, analogous to the results of 2D problem (Chiu, 1980; Jin et al., 2009) . By using the Galerkin vectors and FFT-based algorithms, the contact for two joined quarter spaces and partial-slip involving plasticity (Wang et al., 2013a) are investigated.
With rapid development in materials science in the past several decades, the studies of displacements and stresses in welding, bimaterials, composite materials or coatings have brought an interest in the fundamental solutions to these materials. The presented work aims to extend solutions for the problem of a half-space to two perfectly bonded half-spaces. The explicit integral kernels for the elastic fields due to eigenstrains in two joined half-spaces are derived. Cases of a cuboidal, a spherical, a cylindrical inclusion, as well as multiple cuboidal inclusions and further elasto-plastic contact involving coated materials, are employed to envision the broad scope of applications.
Theory and description
Two joined half-spaces I and II are perfectly bonded together without any gap, as shown in Fig. 1 , the elastic properties of half-space I are given by shear modulus m and Poisson's ratio n, with which Lam e constant l can be determined, while m 0 and n 0 are for half-space II,. Plane Ox 1 x 2 in the Cartesian coordinate system is in the bounded interface with x 3 axis pointing towards the half-space I. In the following, a repeated subscript denotes summation over 1, 2, 3 and a comma before subscripts indicates partial differentiation with respect to the variables identified by the subscripts. The elastic fields at a target point x(x 1 ,x 2 ,x 3 ) caused eigenstrains e ij in half-space I, U, can be expressed in terms of Galerkin vectors F(x). 
where superscripts I and II refer to values associated with half-spaces I and II, and d i j is the Kronecker delta. Superscripts in and out mean inside or outside of U. The Galerkin vectors at point x(x 1 ,x 2 ,x 3 ) can be written as an integral with respect to source point x 0 ðx 0 1 ; x 0 2 ; x 0 3 Þ (Yu and Sanday, 1991b) ,
where
where C ¼ Àm/4p(1 À n); g I c and g II c are the basic Galerkin vectors in half-space I and II for the center of dilatation; g I jk and g II jk are the basic Galerkin vectors in half-space I and II for the double force in the k direction (j ¼ k) or double force in the k direction with moment in the direction normal to the Ox j x k plane (j s k),
where g I k and g II k are the basic Galerkin vectors in half-space I and II for a unit single force in the k direction at point x 0 . These basic Galerkin vectors can be expressed by the potential functions or their partial derivatives. Define the following harmonic potential functions f 
where b x 3 denotes the unit vector in the x 3 direction and
and
Note that for a half-space problem g II would be reduced to zero and g I reduced to Eqs. (3) and (4) in Liu et al. (2012) .
ii) Basic Galerkin vectors in half-spaces I and II for a center of dilatation at x 0
iii) Basic Galerkin vectors in half-spaces I and II for a unit double force or double force with moment at x 0
Note that only the derivatives of Galerkin vectors f I i and f II i (Eq. (4)) will be used in the elastic field, and detailed solutions are listed in Appendix B.
Define the functions U I i ðx; x 0 Þ and U II i ðx; x 0 Þ as follows,
Equations (1a), (1b) 
Equations (2a), (2b), (2c) become,
The stress inside U, Eq. (17b), should be evaluated by Eq. (17a) minus two parts (details in Liu et al., 2012) : (1) stresses determined from e ij by using Hooke's law, and (2) term from potential function f I ;ii , since f I ;ii ðx; x 0 Þ ¼ À4pdðx À x 0 Þ therefore the integral of f I ;ii have a nonzero value inside U (Eshelby, 1957) ,
Note that these two removed parts have the same values as those from the full space solution (Liu and Wang, 2005; Liu et al., 2012) . For a cuboidal inclusion with uniform eigenstrains inside, the internal stress in U and external stresses out U can be expressed by the same set of equations (Wang et al., 2013b 
and the relations among these functions are,
The expressions of the above volumetric integrals (Eq. (19)) for A 0 , A 1 , A 2 and A 3 and their partial derivatives can be found in Liu and Wang (2005) and Liu et al. (2012) . Note that only the partial derivatives of A 0 , A 1 , A 2 , A 3 , A 0 0 , A 0 3 will be used in the elastic field solutions, in addition, A 0 0 , A 0 3 can be derived from A 2 and A 3 . As for a cuboidal inclusion with a uniform eigenstrain inside, the stress solutions are ease to be obtained. Stress s I 11 at the target point x(x 1 ,x 2 ,x 3 ) outside inclusion caused by e 22 is taken as an example to demonstrate the present method. From appendix C, one can find,
Four groups of integrals can be found in Eq. (22). The indefinite integral of the potential functions are expressed using A 0 , A 1 , A 2 , A 3 for example,
where x ¼ (x 1 ,x 2 ,x 3 ) and
When the inclusion is a cuboid with sides Dx 1 , Dx 2 , Dx 3 in the x 1 , x 2 and x 3 directions, its centroid is at x c (x 1c ,x 2c ,x 3c ). The distances between the target point x(x 1 ,x 2 ,x 3 ) and the corners of the cuboid or the mirrored cuboid in plane Ox 1 x 2 are, x im , x ip , x 3m 0 and x 3p 0 ,
where T 1122 is the influence coefficient relating eigenstrain e 22 to eigenstress s Iout 11 , which can be used as a basic solution. An arbitrarily shaped inclusion can be divided in to a number of small cuboidal sub-inclusions with uniform eigenstrains inside of each of them, as shown in Fig. 2 .
The total stresses are the superposition of the solutions caused by each cuboidal inclusion,
where (x 1a ,x 2b ,x 3g ) or ðx 1x ; x 2h ; x 3w Þ denotes the centroid point of the cuboid; T Wang et al. (2013b) . Similarly, the stresses in half-space II are given by,
are the influence coefficients relating eigenstrain e kl to eigenstress s II ij and M Â N Â L 2 are the number of cuboidal elements in half-space II. Only 3D convolutions are included in Eq. (29) to be evaluated by the 3D-FFT. Similarly, the displacements are obtained using the same method as discussed for the stress solutions.
Results and discussions

A single inclusion
Cuboidal inclusion
The elastic field caused by a cuboidal inclusion with uniform eigenstrains in half-space I is firstly considered. The elastic properties of each of the joined bimaterials and parameters for the cuboidal inclusion are listed in Table 1 , where the eigenstrain components in the cuboid are constants. The results from the use of present analytical method are compared to those from the finite element method (FEM) for a case of arbitrary eigenstrains. ABAQUS™ software is employed for the FEM solutions. The joined bimaterials are modeled with dimensions of 40 Â 40 Â 40 mm 3 and 20-node thermally coupled brick (type C3D20RT) elements. In the FEM, eigenstrain is prescribed by specifying an equivalent anisotropic thermoelastic expansion of e ij ¼ a ij T in the cuboidal region (Fig. 3a) , where a ij is the linear thermal expansion coefficient, and T is a unit temperature change. Fig. 3bed show displacements and stresses along a vertical target line at x 1 ¼ 0.0 and x 2 ¼ d 2 ¼ 0.5 mm, parallel to the x 3 axis. Satisfactory agreements between present analytical method and FEM can be observed. The stresses s 11 , s 22 , s 12 are discontinuous when they cross the interface of two joined half-spaces and the boundary of the cuboidal domain.
In the interface, the stress values are large at the stiffer side of material II than those at the compliant side of material I. The extreme cases are analyzed when the inclusion with 2a Â 2a Â 2a in the x 1 , x 2 and x 3 directions, centered at point (0, 0, a), touches the interface of the bimaterials. In all cases below, constant Poisson's ratio is employed, i.e., n ¼ n 0 ¼ 0:3. Fig. 4 shows the dimensionless stresses along the x 3 axis for a cuboidal inclusion with pure dilatational eigenstrains e 11 ¼ e 22 ¼ e 33 ¼ e 0 (other components of e ij ¼ 0). Fig. 4a suggests that when the combinations of m 0 =m decreased, the absolute It is more interesting when the center of cuboid is at origin point (0, 0, 0) where the inclusion is in both spaces I and II. For such problems of an inclusion in both spaces I and II, as shown in Fig. 6 , the elastic fields caused by the inclusion are the sum of those caused by the inclusions in half-spaces I and II, respectively. Note that a coordinate transformation is required for the problem of the inclusion in half space II, i.e., the solutions in coordinate system (x 0 1 ; x 0 2 ; x 0 3 ) is obtained first and then transformed to coordinate system (x 1 ,x 2 ,x 3 ). Figs. 7 and 8 shows the dimensionless stresses along the x 3 axis for a cuboidal inclusion with pure dilatational eigenstrains and pure shear eigenstrains, respectively. Stresses s 11 and s 22 are discontinuous for pure dilatational eigenstrains when they cross the boundaries of inclusion and the interface of the two spaces for dissimilar materials, the discontinuity in stress s 12 can also be observed in pure shear eigenstrains.
Stress s i3 at the interface between two half-spaces might cause interface deboning by separation due to s 33 or slip due to s 12 or s 13 . Variation of dimensionless stresses s i3 at the origin point O and center C of the cuboid with depth h/a are shown in Fig. 9a for the cases of pure dilatational eigenstrains and Fig. 9b for pure shear eigenstrains. As for h/a ¼ 1, for the case of pure dilatational eigenstrains, the value of s 33 /me 0 at O is À2.52 for m 0 =m ¼ ∞ , which is about 1.56 times that in an infinite space m 0 =m ¼ 1, while for the pure shear eigenstrains, the value of s 13 /me 0 (s 13 ¼ s 23 ) at O for m 0 =m ¼ ∞ is about 2.55 times that in an infinite spacem 0 =m ¼ 1. With increasing depth h/a, the stresses at point O approach zero and stresses at point C approach the values for the infinite space. The effects caused by half-space II vanish when the inclusion depth is h/a>5.
Spherical inclusion
Discussions above are for the cuboidal inclusions, while for other types of the inclusions, they may be divided into several small cuboidal inclusions with uniform eigenstrains in each cuboid. A spherical inclusion with radius a, centered at (0, 0, a), is studied. The eigenstrains in the spherical inclusion are uniformly distributed, i.e. e 11 ¼ e 22 ¼ e 33 ¼ e 0 for a dilatational case and for a pure shear case e 12 ¼ e 13 ¼ e 23 ¼ e 0 . The computation domain is À1.5a x 1 1.5a, À1.5a x 2 1.5a and À4a x 3 6a, The ratio of shear modulus m 0 =m is varied while Poisson's ratio is constant n ¼ n 0 ¼ 0:3. (a) s 33 /me 0 for the cases of pure dilatational eigenstrains e 11 ¼ e 22 ¼ e 33 ¼ e 0 (other components of e ij ¼ 0); (b) s 13 /me 0 (ands 13 ¼ s 23 ) for the cases of pure shear eigenstrains e 12 ¼ e 13 ¼ e 23 ¼ e 0 (other components of e ij ¼ 0). and with 128 Â 128 Â 200 cuboidal elements of the same size in the domain. Fig. 10a shows dimensionless stress s 33 /me 0 along the x 3 axis for the case of pure dilatational eigenstrains, where present and analytical solutions by Yu et al. (1992) are compared; only some minor difference can be observed due to the error in discretizing the sphere. Further, dimensionless stress s 13 /me 0 or s 23 /me 0 along the x 3 axis for pure shear eigenstrains e 12 ¼ e 13 ¼ e 23 ¼ e 0 is shown in Fig. 10b. 
Cylindrical inclusion
The influence of short cylinder with radius a and length 2a is investigated. The center of the cylinder is located at (0, 0, a) and the axis of the cylinder is parallel to the interface of the bimaterials. The computation domain and grid sizes are the same as those used for the case of the spherical inclusion. Fig. 11 shows dimensional stress along the x 3 axis for pure dilatational and pure shear eigenstrains. Similar trends the stress variations can be observed as compared to the results of the spherical inclusion case.
Multiple inclusions
The elastic fields caused by multiple cuboidal inclusions with uniform eigenstrains e ij ¼ e 0 inside each are calculated in this section. The locations and sizes of the inclusions are shown in Fig. 12a . The computation domain is À6a x 1 6a, À6a x 2 6a andÀ4a x 3 8a, and with 200 Â 200 Â 180 cuboidal elements of the same size in the domain. Fig. 12bee shows dimensional stress s 33 /me 0 and von Mises stress s von /me 0 for m 0 =m ¼ 4; 1; 0:5; 0, respectively. Stress s 33 /me 0 is continuous when it crosses the boundary of the inclusions in the x 3 direction, but the von Mises stress is discontinuous due to discontinuous stresses s 11 , s 22 , s 12 . Stress concentrations can be observed at the edges of cuboidal inclusions.
It is worth mentioning that the present method can deal with the problems of arbitrary inclusions with arbitrary distributed eigenstrains inside. The results depend on the grid dimensions, i.e., the thicker the grids, the more accurate the results are. 
Elasto-plastic contact involving a coated material
The elasto-plastic stress fields of the contact involving a coated material, as shown in left schematic of Fig. 13 , can be solved efficiently using the present method, including the calculation of the residual stresses and displacements. The residual stresses caused by plastic strains, as shown in Fig. 14 , are decomposed into two subproblems similarly to the method used to solve half-space contact problems (Wang et al., 2013b 
where k ¼ 1 or 2 is the marker of the coating or substrate, i.e., m ð1Þ ¼ m 0 , n ð1Þ ¼ n 0 and m (2) ¼ m, n (2) ¼ n. Double Fourier transform in both x 1 and x 2 leads to the displacements and stresses in the frequency domain, which are 
where a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi m 2 þ n 2 p with m and n as the Fourier-transformed frequency variables corresponding to the x 1 and x 2 directions, respectively. The unknown coefficients, Here, stresses t 31 , t 32 , t 33 are obtained from Subproblem A, and surface residual displacements can be obtained by adding the displacements caused by the plastic strains and those caused by t 31 , t 32 , t 33 . Since only the surface displacements need to be solved, a layer-by-layer 2D FFT algorithm is performed to obtain the displacements caused by plastic strains.
For simplicity without losing generality, the spherical indenter can be assumed rigid while both of the materials of the coated half-space follow an elastic-perfectly-plastic behavior, as shown in right schematic of Fig. 13 . The contact center is located at origin o. The material properties and contact conditions are listed in Table 2 . The key for the elasto-plastic contact problem is to solve the residual stresses and surface residual displacements caused by plastic strains. The numerical method for solving the elasto-plastic contact problem can be found in our previous papers Wang et al., 2013a) . Digitizing the solution domain to a 64 Â 64 Â 60 grid, the time for solving of one case of elasto-plastic contact problem is about an hour, where the source code is written in standard Fortran 90 and compiled using Intel ® Visual Fortran Studio XE 2011 for Windows with Intel ® Core™ i7-920 Processor @ 2.67 GHz. Contour plots of the equivalent plastic strain and residual von Mises stresses in the x 2 ¼ 0 plane are shown in Fig. 15 , where two highly stressed regions are shown for this problem involving a more rigid coating material, one is near the surface and the other is in the substrate side close to the bi-material interface.
The new approach is especially convenient for obtaining accurate residual stresses and displacements in coating contact problems without the domain truncation error in the equivalent-inclusion method (Chen et al., 2010) and elasticity limitation in the frequency response function method (O'Süllivian and King, 1988; Liu and Wang, 2007; Wang et al., 2010 Wang et al., , 2015 Yu et al., 2014) .
Two source codes written by Fortran 90 are attached in Appendix D: Supplementary material published with this article online, one for the elastic fields caused by a cuboidal inclusion with uniform eigenstrains and the other for the stresses caused by arbitrarily shaped inclusions with uniform or non-uniform eigenstrains using FFT method. 
Conclusions
The integral kernels have been derived, based on the Galerkin vectors, for the displacements and stresses caused by arbitrary eigenstrains in two perfectly bounded bimaterials, and corresponding influence coefficients based on a constant cuboidal inclusion are analytically solved with closed-form solutions. When the eigenstrains locate in material I, each kernel for displacements and stresses in this material can be divided into four groups with 3D convolution and correlation, while that for displacements and stresses in material II can be divided into two groups with only 3D convolution. Because the inclusion of an arbitrary shape can be divided into a number of small cuboidal sub-inclusions, the cuboidal influence coefficient solution can be pursued for fast computation with the assistance of FFT-based algorithms for the 3D convolution or 3D convolution and correlation.
Influences of a cuboidal, a spherical, and a cylindrical inclusion, as well as multiple cuboidal inclusions, on stresses are investigated. Discontinued stress can be observed when it crosses the boundary of inclusions and interfaces of the two joined spaces. Generally speaking, increasing the ratio of m 0 =m leads to the stress rise in both sides of materials. For a cubic inclusion, the effects caused by half-space II (the non-inclusion domain) vanish when the inclusion depth is more than 2.5 time the length of its sides. The present approach is especially convenient for obtaining accurate residual stresses and displacements in coating contact problems without the domain truncation error in the equivalent-inclusion method and elasticity limitation in the frequency response function method. 
Àz;3 ði ¼ 1; 2Þ; 
where the comma in the subscripts means derivative with respect to x , e.g., j I Àz;3 ¼ vj I Àz =vx 3 , and V 2 denotes the Laplace operator.
Appendix B. The derivatives of f I i ðx; x ′ Þ and f II i ðx; x ′ Þ with respect to x 1) Target point x in region I where 
